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Abst rac t - -A  perturbation solution of the flow of a homogeneous Newtonian fluid through a 
tube of finite length with a permeable wall is analysed through a theoretical model in view of its 
applications in hemodynamics. The flow is characterized by three important parameters: G, the 
characteristic Reynolds number associated with the pressure outside the tube, /3 the ratio of radius 
to length of the tube, and e a filtration coefficient, eis assumed to be small so that the validity of the 
perturbation method is ensured. Perturbation solutions obtained up to O(e 2) are discussed. @ 2000 
Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The principal task of the blood in circulation is to transport materials and heat to and from the 
tissues of the body. Such exchanges take place mostly at the capillary level. However, there exists 
evidence to support hat materials are also transported across the permeable walls of arteries (and 
veins) [1]. 
The transport of water across the arterial wall is of interest in the study of metabolism and 
disease of arteries [1]. The nourishment of the arterial wall depends predominantly on the trans- 
port of materials from the arterial umen. This transport plays an important role in the genesis 
and progression of arterial diseases uch as atherosclerosis. Further, it has been postulated that 
hemodynamical factors--turbulence, wall shear stress, pressure, velocity, to mention a few--play 
important roles in the localization of arteriosclerotic lesions by affecting mass transfer phenomena 
at the arterial walls. As per clinical studies, these lesions occur in regions of low fluid velocity, 
hence, at low wall shear stress [2,3]. 
To understand such phenomena qualitatively, low Reynolds number flow through tubes with 
permeable walls has been investigated by various authors experimentally as well as theoretically. 
Oka and Murata [4] discussed theoretically the steady slow motion of blood through a permeable 
capillary wall obeying Starling's Law [5]. Pallat et al. [6] studied the flow in an infinite permeable 
cylinder assuming the loss of fluid from the permeable tube to be a function of pressure gradients 
across the wall. They have discussed implications for renal glomerular tubular balance. Apelblat 
et al. [7] analysed certain aspects of transcapillary fluid exchange. They applied Stokes approxi- 
mation along with lubrication theory for flow inside the capillaries and used Darcy's Law in the 
tissue region. Salathe and An [8] accounted for fluid movement across the wall of a capillary with 
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variable diameter and permeability using a generalized Starling's Law. Murata [9] considered a 
linear variation of the filtration coefficient across the axis of the tube and analysed capillary-tissue 
fluid exchange according to Starling's Law. Blake and Gross [10] presented a theoretical model for 
transcapillary fluid exchange based upon a system of one-dimensional time dependent transport 
equations describing flow in an occluded capillary. Fleishman and Secomb [11] investigated fluid 
exchange within idealized tissues consisting of ordered arrays of capillaries where interstitial f uid 
flow obeys a form of Darcy's Law. Taylor et al. [12] developed a generalized model where local 
fluid flow is related to gradients in solute concentration rather than hydrostatic pressure. 
The models cited above facilitate a good understanding of the certain major aspects of fluid 
transport across capillary walls. Theoretical studies treating water transport properties of the 
arterial wall have also been reported. Kenyon [13,14], Jayaraman [15], and Klanchar and Tar- 
bell [16] modelled the arterial wall based on Blot's Theory [22] for consolidation ofwater-saturated 
soils. 
Generally, the flow Reynolds number is low in terminal arteries and capillaries and is high in 
large arteries. However, it is important o recognise that the boundary separating small and 
large Reynolds number flows may not be very precise in the circulatory system. This is because 
the parameters on which the Reynolds number depends are subjected to a number of biological 
influences and, as a consequence, vary widely. Therefore, it is of physiological significance to 
consider the flow in tubes where the Reynolds number is not essentially small or large but of 
finite order. 
The present model is an extension of that of Oka and Murata [4] and considers the steady 
laminar flow of an incompressible homogenous Newtonian fluid in a tube with permeable wall. 
The flow is characterised by three dimensionless parameters: G, the characteristic Reynolds 
number associated with c~ (the pressure outside the tube), p, the ratio of radius to length of the 
tube, and c, a filtration coefficient. Taking into consideration the full Navier-Stokes equations, 
a regular perturbation scheme is used to derive higher-order terms in powers of e. The effect of 
fluid exchange on various flow properties in blood vessels of different sizes--ranging from small 
capillaries to large arteries--is discussed qualitatively and quantitatively. 
2. FORMULATION 
The blood vessel is modelled as a straight rigid tube of uniform cross-section of radius R and 
of finite length 2L with permeable wall to promote fluid exchange across the wall. The steady 
laminar axisymmetric flow of an incompressible Newtonian fluid through the tube is analysed 
using cylindrical polar coordinates (r~,O, z~); r ~ = 0 is the axis of symmetry of the tube. At 
the wall, the axial velocity u ~ is governed by the no slip condition while the radial velocity v ~ 
is governed by Starling's Law. The average pressures p~ over the cross-section of the tube are 
prescribed at the entrance and exit of the tube. 
On defining the following dimensionless variables and parameters: 
U - -  - -  
r ! 
r z - -  
R'  
U t 
R2a/pL  ' 
k# 
Z ! 
Z ~ - -~ ,  
V t p t  _ P i  
v = Ra/# '  P a ' 
R R2po~ 
~=-~, G- , p2 L 
the governing equations can be written in dimensionless form as follows: 
Z20u + 0v v 
Oz -g-~r + -r =0, 
[ ~zz Ou I Op 202u 02u 1On 
a Z2u +~ =-~+Z -gfiz2+-gTr2+--- r Or' 
(1) 
(2) 
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[ ~_zz Ov] OP 202v O2v l Ov v 
G Z2~ +~ =-~+Z -5-~z~+-g~r2+rar r2" 
The corresponding boundary  conditions are 
(3) 
0U 
Or O, at r 0, (4a) 
v = 0, at r -- 0, (4b) 
u = 0, at r = 1, (4c) 
v = e (p+ P--~/- 1 ) ,  at r= 1 (Starling Law), (4d) 
c~ 
p = O, at z = -1 ,  (4e) 
p_  Po -P-----J, at z -- 1. (4f) 
Ot 
All the pr imed quantit ies denote dimensional variables, p and # are, respectively, the density 
and coefficient of viscosity of the fluid. In the present analysis, the quantities a and k (fi ltration 
constant) are assumed to be constants. 
The solutions to equations (1)-(4) are sought in a power series in ~ as follows: 
oo 
f = E enfn" (5) 
n=0 
Here, f can replace u, v, or p. Under normal conditions, the value of e is very small, and hence, 
validity of the perturbat ion method is assured. Terms of order e3 and higher are neglected. It is 
assumed that  ~2 and e are of the same order of smallness, which is quite a realistic assumption 
for the type of blood vessels considered. It is to be noted that  3 and e are two independent 
parameters.  
3.  SOLUTION 
Assuming ~2 _ ~/2e where 3,2 = O(1), substitut ing equation (5) in equations (1)-(4) and 
collecting coefficients of like powers of e, one gets the zero-order equations as 
Ov__oo + Vo = O, 
Or r 
[" Ouo ~ Opo 02Uo 10uo 
a ) - + + -r or ' 
[ Ovo "~ Opo 02vo 10vo vo G ) -  +-  
(6) 
(7) 
(8) 
and the corresponding boundary conditions are 
~Uo 
Or =0,  
v 0 ---- 0, 
U 0 = O, 
v 0 ---- 0, 
p0 ~ 0, 
Po - Pi 
The solution of the set of equations (6)-(9) are 
at r ---- 0, 
at r ----0, 
a t r= 1, 
a t r= 1, 
at z = -1 ,  
, at  z= l .  
10po (1-  r 2) 
40z  
(9a) 
(9b) 
(9c) 
(9d) 
(9e) 
(9f) 
Uo -- (10) 
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v0 = O, 
;o = po(z). 
In view of equation (11), the e-order equations are 
~Z OVl Vl 
72 +-~r  +-=° ' r  
[ 2 Ouo . Ouo~ Opl 7202uo 02Ul 10Ul 
c ~7 uo-bTz . V,-~7) - Kz + Oz2 + -~r' + ; ~ ' 
Opl + 02Vl 10Vl  Vl 
0 - Or ~ + r Or r 2 
The corresponding boundary conditions are 
OUl 
- -0 ,  
Or 
V 1 : 0, 
U 1 = O~ 
vl = Po + p-!i - 1, 
c~ 
Pl = O, 
Pl = O, 
at r =0, 
at r---- 0, 
a t r= 1, 
at r= 1, 
at z = --1, 
at z= 1. 
Solving equation (13) using (10), one obtains 
72 02P° (2r r 3) 
v l -  16 Oz 2 - " 
Using (17) in (16d) and solving the resulting equation, P0 is obtained as 
Po = Coe ~z + Doe  -~z  + 1 - P_i 
o~ 
where A 2 = 16/72. Using (9e) and (9f), the constants Co and Do are determined as 
0 - -  
D 0 - - -  
Equations (10) and (18) give 
1 1) e -~ 
2sinh2A [ ( -~-  - ( -~  -1 )e~] ,  
1 
2sinh2A [ ( -~-  1)e ;~- ( -~-  1)e-;~] .
uo = -~A (Coe,~ ~ _ Doe_~ ) ( i -  r 2) 
Thus, zero-order solutions are 
A [(pi )eoshA(1-z)  
u0 = ~ ~- - 1 sinh 2A 
V0 = O, 
PO : ( -~-1)  sinhA(1 - z) s--rl-l-l-l-l-l-l-l~n h 2~ 
Vl is obtained as 
Vl= [ ( -~-  1) sinhA(1- z) s] n--fi--2A 
( -~_ l )  C°shA(l+z)] [ l _ r  2] 
sinh 2A 
+ (-~ -1)s inhA(1 +z) 1). 
+ (--~ - 1)sinhA(l_+z) l
sinh 2A J 
(11) 
(12) 
(13) 
(14) 
(15) 
(16a) 
(16b) 
(16c) 
(16d) 
(16e) 
(16f) 
(17) 
(18) 
(19a) 
(19b) 
(20) 
(21) 
(22) 
(23) 
(24) 
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Substituting for vl and uo in equations (14) and (15) and 
O [1 O [/r(gi~lX~] ~_2Gl~(Cge2AZD2e_2AZ)(r3 
o-7 7~k o~)j 
Conditions (16a) and (16c) give the solution of the above 
eliminating Pl, one obtains 
r) - 16Ar (Coe "xz- Doe-~Z) .
equation as 
(25) 
Ul=C~[Cge2AZ D2e-2Az] [@6 (1 - r2 ) -1 (1 - r6 ) l  (26) 
A +~ (co~ ~ - no~-~9 (1 - ~4) A,(z)4 (1 - ~:). 
Pl is obtained using equations (14) and (15) as 
G [C2e2~ z D2e_2~z] (Coe ~z + + r 2) + J Al(z) dz. = -~ + - 4 Doe -~z) (1 (27) Pl 
The second-order equations and the corresponding boundary conditions are given below 
0V2 "/)2 
~/2 +-~-r  +-=O' r  
G [~2 / OUl . OUo'~ , OUl OUO] Op2 202Ul . 02u2 10u2 
~,u°-~-z +Ul-~z )+Vl-~r *v2-~r J - az ~-~/ Tz2 +Tr  2 -~ r Or '  
[ 2 a~)l , Ovll ap2 +'r2 a%~ O2V2 
a [~ ~o-57 .v l~ j  = - Or Oz~ + o~---r 
10v2 v2 + 
r Or r 2 
(28) 
(29) 
(30) 
~U2 
- 0 ,  a t  r = 0 ,  (31a) 
Or 
v2 = 0, at r = 0, (31b) 
us = 0, at r = 1, (31c) 
v2 = Pl, at r = 1, (31d) 
P2 = 0, at z = -1,  (31e) 
P2 = 0, at z = 1. (310 
Solving equation (28), v2 is obtained as 
v2 = -G  [C2o e2~z + D2e -2~z] (3r - r 5) - ]-~ (32) 
4 (c0e~z + D0 _~z) (3r - r ~) + ~:A' (z)(2r- r 3) 
3 16 I • 
Substituting for v2 and  Pl f rom (32) and  (27), respectively, in (31d), differentiating the equation 
with respect to z, and solving the resultant equation, one determines the function At(z)  as 
Al(z) = C1 eAz Jr- Die -~z + @ (Coe xz - Do e-~z) - T8A2z (C°e~Z + D°e-~Z) , (33) 
where the constants C1 and D1 are determined from equations (16e) and (16f) as follows: 
cA ~-3~) <-e-~)  ] 
e_2~ ) (e2~ e_2:,) j + :ZCoA 
(-12 ( e3A -- 
C1-~ ~ L'~o (e2A D~ 
s~ [ (e~+e -~ ) 2Do ] 
+ -5-  Co (e2~-  e_2~ ) (e 2~ - e -~)  ' 
-e-~) e3~-~-3~)] 
D1 = -~ Co 2(~_  e_2A ) Do ~ (e2X e_2A ) j  -2DoA 
8~23 Do(e2~--e_2~) (e2x -e -2~)  ' 
(34a) 
(34b) 
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Following a similar procedure as in the case of O(e °) and O(e) equations, and using the third- 
order continuity equation, the expressions for u2, v2, P2 are obtained from equations (28)-(31) 
as follows: 
[ (~  r0 ~ ~0~ 
u2 = G2A (Cge aa~ - CoDo (Coe a~ - Doe -a~) - D~e -aa~) -~6 + 72 14---4 + 1"i'2-~] 
1 7r 4 r 6 r s 
- (C2e 3az + CoDo (Coe az - Doe -a~) - D~oe -3az) 1-gO 57~ + 1T4 576 
r~°~]  [C2e2aZ D2e-2~z][287 3r 4 r 6 25r s ] 
+3-~]  - a ) ,  - /576  8 6 + -5 -~/  
[ ][~ r, "°1 8A2z (C~)Jaz +V~e-2az)  -~  + 8 -- G CoCle 2az + DoDle -2;~z - ~ ~ (35) 
1 (CleaZ-FDie-aZ)(1- - r4) - -3~(CoeaZ--Doe-aZ'  (~-~- - r4 - -~)  +~ 
4A2z 3 (C°eAZ + D°e-~Z) (1 - r 4) - Bl(Z)(1 - r2), 
4 (CoeaZ + noe_AZ ) (3r - r 5) (36) 
3 
+ f(~le~-o~-~) 4 ~oe~÷Oo _~)_ ~/~o~_Oo _~] i ._~ 1 
i- -g  -2 -  ' 
7a 2 [C3e3a z D3e3aZ a (CoCle2aZ _ DoDle_2az) P2 = - -~ + - CoPo (Coe ~z + Doe-~Z) ] - 
+G(C~e2)'Z+D2e-2~z) (20+2r2+r4-5r6) -2GC°D°(6r2 -5r4+~ 
(8 r 4 5)32AZ(Coe;~Z_Doe_aZ)(l+r2 ) 8 (CoP ~ + Doe -a~) r 2 + -~ + + - -2 -  
8G~z (Cge2aZ _ D~e_2a~) _ 4 (C, ea~ _ Dle_~Z) (1 + ~2) + f B,(z) dz, +-7-- 
(37) 
where 
[-13A (C3e3az_ D]e_3az) 197A2CoDoz(Coe~,Z + Doe_AZ)l Bl(z) = C2e ;~z + D2e -~ + G 2 L 960 - 216------6- 
l lGA (C2 j~ _ Dge_2~z) _ 8__~A3 z (CleX~ _ Dle_aZ ) (38) 
Here, the constants C2 and D2 are determined using equations (31e) and (31f) as follows: 
(~ 1 :~ C2=2C1 -C2A [C3(e2~+e-2a)-D3]-2- ~ o o) 
1 r16A G2A2~__~__C2Do ~C1)(e2A e_2A ) 
+. [(~o~- :°~-~ (~-~-~) + (oo.. + ~°~ ~..~oj -o~+ 1~ooo) ~-~-~)] 
2Do (-64A + 237A 2) 8CA2 [Co 2 (e 3~ + e -3~) - Dg (e a + e-h)] + --9--
3 
Co [e2a ( -64 + 147A + 269A 2) - e -28 (64 - 19A + 333A2)]] (39a) +--9- 
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(258~0 123 C D 2h D2=2Dz+G2A [9  3(e  2~+e -2~) -C~] -~ 0 0]  
1 F16A 
- ~G2)~2CoD~ (e 2~ e-2:') • ) 
• 0 - , 
8GA 2 (e3~ ' 2C0 (64A + 301A 2) + ~  [C02 (e ~ + e -h)  - D~ + e-3~)] - - -~  
+ D--°-° [e 2~ (64 + 83A + 269A 2) -e  -2~ (64 + 211A - 205A2)]] . (39b) 
4. D ISCUSSION 
In the perturbed solutions of the flow governed by equations (1)-(4), terms of O(e 3) and higher 
are neglected. The solutions reduce to those of Poiseuille flow [18] in the limiting case e --+ 0 (i.e., 
A --~ 0). Also, when G = 0, the results of Oka and Murata [4] are obtained. It is to be noted that  
the solutions of order e ° are independent of G. The solutions of order e and e 2 for u and p are, 
respectively, linear and quadratic in powers of G. The corresponding expressions for v (e ° order 
solution of which is identically zero) are one degree less in G. A similar pattern is expected to 
continue for higher-order solutions. 
The value of e is assumed to vary over the range 10 -s  to 10 -4 [4,9,10] for estimating its effect 
on flow variables in different tubes with dimensions comparable with those of blood vessels. 
In capillaries, the flow Reynolds number is negligible and the parametric values generally used 
for numerical calculations are [1,19] 
= 0.005, Pi = 32, Po = 15, a = 24, G = 0. (40) 
Figure la  depicts the variation of axial velocity in a capillary along the axis r = 0 as z varies 
for different e. It is observed that  the velocity profiles are concave downwards with decreasing 
curvature as e decreases. For smaller values of e, the graph is almost a straight line tending to 
Poiseuille flow. Each of these curves assumes a minimum in the neighbourhood of z = 0. This 
minimum is attained for a z < 0 when a > (Pi + po)/2 and the value of u at z = 1 is greater 
than that  of u at z = -1 .  But for a < (pi +po) /2 ,  the minimum occurs for a z > 0 and 
u(z = -1)  > u(z = 1). 
(16 
OS 
O.4 
u 
03 
0,2 
0,1 
0.0 
-1.5 
a -  ~/4.9 : 10 -8 
b -  e.14.9 : 10 -7 
c -  W4.9:  1([ 6 
d -  e.14.9: 1(~ 5 
rd 
I I I 
-I'.0-05 0.0 O~ 1.0 I~ 
Z 
(a) Effect of ~ on u in a capillary at r = 0 with 
a = 24, ~ = 0.005. 
U 
(14 
03 
0.2 
0.1 
o-  It : 0.0025 
b-  ~ : a0050 o ¢-8  : 0.0075 
-oo,oo 
0.0500 
b 
f.d 
(1045 -I:0 -0'.5 ' ' O. 0 0,5 I~0 1-5 
Z 
(b) Effect of ~ on u in a capillary at r = 0 with 
e = 4.9 × 10 -6, (x = 24. 
Figure 1. 
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0.5 
0.4 
03 
02 
0.1 
0.0 
-1.! 
a -~  --15.0 
I I I I I 
-I,0 -0.5 0.0 ~5 1.0 
Z 
(c) Effect of a on u in a capi l lary  at  r = 0 wi th  ¢ = 4 • 9 x 10 -6 , /3  = 0.005. 
F igure  1. (cont.)  
The blood vessels of the circulatory system vary widely in size. Therefore, it is important o 
study the effect of the parameter/3 on the flow properties. One can observe from Figure lb that 
along r = 0, u is nondecreasing as/3 increases in the range -0.635 < z < 0.525 and nonincreasing 
outside this range ( -1  < z < -0.635, 0.525 < z < 1). Further, for large values of/3(> 0.05), the 
flow tends to Poiseuille flow. The behaviour of these graphs is similar to that in Figure la. 
Equation (24) indicates that the radial velocity v vanishes at each point of the section z = z~ 
where za is given by the equation 
s inhA(1-  z~) + 1 -  ~ sinhA(1 +z~)  = O. (41) 
Here, Ap = Pi  - Po,  Aa  = P i  - a .  In particular, the radial velocity vanishes in each of the cases 
given below: 
( i )  z = 0 ,  = + po)/2; 
(ii) z= l ,a=po;  
(iii) z = -1 ,  a = p~. 
Further, one observes that the flow is towards the wall for z < za and inwards (from the wall) 
for z > z~. It is observed from Figure lc that the axial velocity attains a minimum at z = z~. 
It can also be noted that when the external pressure a = Pi = 15 the graph (of u versus z) is 
monotonically nonincreasing while for a = Pi = 32, the graph is monotonically nondecreasing 
and when a = (Pi  + po) /2  = 23.5, the profile is symmetric about z = 0. It is interesting to note 
that the graphs of axial velocity pass through a fixed point (z = 0.24, u = 0.06). 
In view of the above discussion, an equivalent statement for Starling's Law can be 
>0,  fo rz<z~,  
p+P- - !~- I  <0,  fo rz>z~,  
=0,  fo rz=za .  
It has been widely accepted that wall shear stress (r~) plays an important role in the develop- 
ment of diseases like atheroma [1]. Hence, it is desirable to study the effects of the parameters a 
and e on T~. It is noted that the analytic expressions of order zero for the axial velocity and 
shear stress are proportional. Therefore, the behaviour of the profiles in Figures la  and 2a and 
Figures lc and 2b are identical, but for constant numerical factors. Though the zeroth-order 
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1.0 
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O.4 
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a-  f-14.9 : 10 -8 
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c - f./4.9 = 16 6 
d -  ~14.9 = 16 5 
 Jj° 
-,:o-o's olo ,:o ,:s 
z 
(a) Effect of ~ on [rw[ in a capillary with /3 = 
0.005, a = 24. 
1.2 
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O.B 
(16 
0.4 
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(i0 
-I.5 
a - o~ : 15.0 
b - or. :23 .5  
c - nr :32 .0  
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(b) Effect of a on [Tw[ in a cap i l l a ry  w i th  e = 
4.9 x 10 -6 ,  /3 ---- 0.005. 
1.0 
08 
0.6 
Ul 
0.4 
0.2 
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a - = : 15 .0  
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(c) Effect of ~ on u~ in a capillary at r = 0 with 
= 4.9 x 10 -6, /3 : 0.005. 
0~ 
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F igure  2. 
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a - (z. = 15.0 
b - ~= 23.5 
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(d) Effect of a on ITwl (f irst order)  in a cap i l l a ry  
w i th  e = 4.9 × 10 -6  , /3 = 0.005. 
graphs of the axial velocity and wall shear stress are similar, there exists a marked difference in 
the pat tern  of the profiles of the f irst-order terms as indicated in F igures 2c and 2d. 
For the numerical  values mentioned in (40), the radial  velocity component at r = 1 is posit ive 
or negative according as z takes values in the range -1  _~ z < -0 .035 or -0 .035 < z _~ 1, 
respectively. There exists no radial  flow at points of the section z ~ -0.035; these points are 
points of inflexion. It  can be noted from Figure 3a that  for a fixed r, the point  of inflexion 
lies to the right (or left) of z = 0 according as a < (Pi + po)/2 (or a > (Pi + po)/2). When 
a = (Pi + po)/2, the corresponding point of inflexion is z = 0. F igure 3b indicates that  if e is 
of O(10-s ) ,  O(10-7) ,  v is a l inear function of z, while for the values of O(10-6) ,  O(10-5) ,  the 
graphs of v versus z show a nonl inear var iat ion with curvature changing from concave to convex 
in the neighbourhood of z -- 0. The observations made hold good for all r # 0. 
The following observat ions are made from Figure 4 in analysing the influence of a on the 
volumetr ic  flow rate, Q. If a = (pi +po)/2,  the values of the flux at the inlet and out let  are equal. 
But  a slight deviat ion of a from this average causes a greater or lesser volumetr ic discharge at 
the out let  compared to the inlet according as c~ > (Pi + po)/2 or < (Pi + po)/2. 
0~. 
a - or. = IS.O 
c \  
O2 
0.0 
v 
-03. 
I I ! I I ' " i  
-1 .0  -0 .5  0.0 0.5 1.0 1.5 
Z 
(a) Effect of c~ on v in a capillary at r -- 1 with 
c = 4.9 × 10 -6 ,  13 = 0.005. 
(:z- ~143- I0  "8 
b - ~/z,.s = lO -7 
c - e lh3 :104  
- 0.4 
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(b) Effect of e on v in a capillary at r = 1 with 
/3 = 0.005, ~ = 24. 
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Figure 4. Effect of c~ on Q in a capillary with e = 4.9 x 10 -6 ,  ~ = 0.005. 
F igures  5a -5e  dep ic t  the  s t reaml ines  for  d i f fe rent  va lues  o f  c~ when 106 × e - -  4.9.  F igures  5a  
and  5b  ind icate  that  for  ~ in  the  range  0 < ~ < 14.0,  the  f low is towards  the  boundary  f rom 
both  the  ends  o f  the  tube ,  w i th  an  a lmost  ver t i ca l  d iv id ing  s t reaml ine  ¢ = 0; for  (~ > 14.0,  the  
0.S 
60  
-t~) -05  0.0 0.S 1.0 
(a) Streamlines for flow in a capillary a = 1, c = 4.9 × 10 -6.  
Figure 5. 
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(b) Streamlines for flow in a capillary ~ = 10, ~ = 4.9 x 10 -6. 
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(c) Streamlines for flow in a capillary c~ = 15, e -- 4.9 x 10 -6. 
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(d) Streamlines for flow in a capillary ~ ~ 20, ~ = 4.9 × 10 -6. 
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(e) Streamlines for flow in a capillary c~ : 24, e = 4.9 × 10 -6. 
Figure 5. (cont.) 
fo l lowing three d is t inct  types  of s t reaml ines  are observed (F igures 5c-5e):  
(i) f rom the  surface z -- -1  towards r = 1, 
(ii) f rom the  surface z -- -1  towards  z = 1, and 
(iii) f rom r = 1 towards  z = 1. 
Tab le  1 conf i rms the  above observat ions.  
For  large arter ies,  G is of O(103) and the  pressure drop across the ends of  a near ly  s t ra ight  
segment  is re lat ive ly  small .  The  re levant  parametr i c  values are [1,20] 
G -- 1300, /~ = 0.0075, pi -- 100, Po  = 97. 
The  cor respond ing  axial  ve loc i ty  is genera l ly  low and follows a s imi lar  pat te rn  as in capi l lar ies 
when ~ var ies (F igure  6a). But  in the  case of radial  velocity, it is observed that  the po int  of 
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Table 1. Values of u as a function of z and a. 
Z 
1 5 10 13.75 14 15 20 25 32 
-1 .0  13.388 2.343 0.963 0.586 0.568 0.503 0.272 0.134 0.0136 
-0 .75  8.445 1.483 0.613 0.376 0.365 0.323 0.178 0.091 0.015 
-0 .50  5.185 0.919 0.386 0.241 0.234 0.208 0.119 0.066 0.019 
-0 .25 2.957 0.538 0.235 0.153 0.149 0.135 0.084 0.054 0.027 
0.0 1.319 0.264 0.132 0.096 0.094 0.088 0.066 0.053 0.041 
0.25 -0 .056 0.042 0.055 0.058 0.058 0.059 0.061 0.062 0.063 
0.50 -1.443 -0.171 -0.012 0.032 0.034 0.041 0.068 0.084 0.098 
0.75 -3 .117 -0 .418 -0 .080 0.011 0.016 0.032 0.088 0.122 0.151 
1.0 -5 .413 -0 .748 -0.165 -0 .006 0.001 0.029 0.126 0.185 0.236 
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(a) Effect of varepsilon on u in a largeartery at 
r = 1 with fl = 0.0075, c~ -- 99. 
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(b) Effect of c on v in a large artery at r = 1 
with fl = 0.0075, a = 99. 
Figure 6. 
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F igure  7. Effect of ~ on  u in an  arteriole at r ---- 0 w i th  fl ---- 0.016, ~ = 60. 
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infiexion shifts from z = -0 .3  to z = 0 gradual ly  as e varies from O(10 -s )  to O(10 -4)  (F igure 6b) 
unlike F igure 3b (capi l lary) where the point  of inflexion is confined to the close prox imity  of z = 0. 
For numerical  calculations, ~ is taken here to be 99. 
It  is observed from Figure 7 that  the magni tude of the axial velocity at the end points z = -1 ,  1 
is greater  in the arterioles compared to large arteries; most of the other observat ions remain similar 
for these three types of blood vessels. Following Caro et al. [1] and Feinberg and F leming [20], 
numerical  values of the parameters  for arterioles are taken as 
G = 0.09, /3 = 0.016, Pi = 97, Po = 23. 
For numerical  calculation, the value of a is taken as 60. 
5. CONCLUSION 
In conclusion, it is observed that  as 106 × e increases from 4.9 × 10 -2 to 4.9 × 102 the region 
of the flow field, where velocity is very low, widens. These low velocity regions correspond to 
those regions where the magnitude of wall shear stress is also low. A more recent hypothesis  [2] 
has been that  the disease atheroma develops in those regions where the mean wall shear stress 
is re lat ively low. This general ly occurs in the neighbourhood of the section z = 0. It  has 
been reported from exper imental  observations [3] that  these low velocity regions are prone to 
atherosclerosis. This supports  the observation that  an increase in the permeabi l i ty  represented 
by the parameter  c faci l itates the accumulat ion of l ipids in the arter ial  wall which is a dominant  
feature of atherosclerosis [1,2]. 
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